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A New Mathematic Algorithm to Analyze Power
Distribution Systems With Active Compensation

and Nonlinear Loads
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Abstract—This paper presents a new procedure to analyze
power distribution systems that energize nonlinear loads. The al-
gorithm uses the singular values of the transfer matrix that relates
the output variables and the system perturbation. The algorithm
is especially developed to analyze the compensation performance
of shunt and series active power filters. The algorithm is proved
by simulation in a multibus industrial power distribution system
and programmed in Matlab.

Index Terms—Active power filter, harmonics, resonance.

I. INTRODUCTION

A CTIVE power filters have proven to be an effective
alternative to compensate current harmonics and re-

active power in power distribution systems [1], [2]. Shunt
active power filters operate as a controlled current source
that follows a well-defined reference signal, allowing the cur-
rent harmonic and reactive power compensation of a specific
nonlinear load. On the other hand, series active power filters
operate as controlled voltage sources and allow the operation
of critical loads with constant balances and sinusoidal voltages.
The compensation performance of such systems has always
been proven in a simple way, by considering the Thévènin
equivalent circuit referred to the bus where the nonlinear load
is connected. In this scheme, the compensation performance of
the shunt active power filter can be effectively demonstrated if
the source current is sinusoidal and in phase with the respective
phase-to-neutral voltage. However, in a real power distribution
system, the compensation effectiveness can be affected de-
pending of the point of connection of the active power filter [3].
Since shunt active power filters operate as controlled current
sources generating a harmonic component, it is possible that
the current generated by the shunt active power filter does not
flow to the nonlinear load and propagate to the rest of the power
distribution system, following the lowest impedance trajectory.
This situation must be studied before using shunt active com-
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pensation in a multibus power distribution system, especially if
other nonlinear loads are connected, shunt capacitors or tuned
passive filters are used to compensate reactive power. Series
compensation performance is proved if the voltage applied to
the load is balanced, constant, and sinusoidal, independent of
the perturbation introduced by the source. Again in this case,
the performance of this type of compensation scheme in a
multibus distribution system is not trivial, and the series active
compensation can affect the adequate operation of the system
by generating current harmonics, or by generating resonant
frequencies.

Traditionally, power distribution systems that supply non-
linear loads are studied using power-flow analysis. This study is
performed in the frequency domain, and gives the solution for
steady-state operating conditions. If nonlinear loads or active
compensation are connected to the power distribution system,
harmonic analysis is performed by using superposition, and
solving the power flow for each frequency component. This
mathematical algorithm requires initial conditions and does
not permit evaluating the system response for each type of
perturbation, that is, the effect of each active compensator on
the power distribution’s voltages and currents.

The proposed algorithm is based on the nodal analysis of the
power distribution system and the transfer matrix which relates
the input to the output-power distribution system variables. The
input variables are the branch voltages and the bus currents,
while the output variables are the bus voltages and the branch
currents. Simulated results obtained from a real multibus power
distribution system prove the effectiveness of the proposed algo-
rithm. The developed example helps to demonstrate the poten-
tial of this new mathematical tool, allowing to easily calculate
resonant frequencies, total harmonic distortion, and compensa-
tion effectiveness of each connected active power filter.

A previously published paper, based on modal sensitivity
analysis [9], [10] also used eigenvalues to evaluate resonant
frequencies. However, these papers do not consider active
compensation effectiveness and do not use the concept of the
standard spectral. The method proposed in this paper allows
improving active compensation in a power distribution system
by selecting the active filter’s best point of connection and
calculating the resonant frequency in each power distribution
bus.

II. BASIC EQUATION

The analysis of any power distribution system begins by
writing the equations that relate the input with the output vari-

0885-8977/$25.00 © 2008 IEEE

Authorized licensed use limited to: Universidad de Concepcion. Downloaded on October 22, 2008 at 11:58 from IEEE Xplore.  Restrictions apply.



2536 IEEE TRANSACTIONS ON POWER DELIVERY, VOL. 23, NO. 4, OCTOBER 2008

ables defining the transfer function and respective matrices. In
this case, it is necessary to model the power distribution system
and each active compensator or nonlinear load, depending on
the type of study that needs to be done. The different models
used for the power distribution systems and the series and shunt
active power filters will be described.

A. Power Distribution System Model

The power distribution system is represented by the branch
voltages and nodes currents, which are considered the input vari-
ables, and by the branch currents and nodes voltages, which are
the output variables. The matrix that relates input and output
variables is called the system transfer matrix. The transfer ma-
trix is composed by four submatrices as shown in (1) with order

, where is the number of system branches
and is the number of system nodes

(1)

It is important to note that is derived from the basic
power-flow equation . More details re-
lated to the derivation of this important equation can be found in
[12], where is the connection matrix of the input variables
and is defined as follows:

(2)

and indicate how the voltage and current sources are
connected, and by definition, are the system connection subma-
trices. has a number of rows that are equal to the power dis-
tribution system number of branches and a number of columns
is equal to the number of independent voltage sources. In the
same way, has a number of rows that are equal to the total
number of nodes and columns which are equal to the number of
independent current sources connected to the power distribution
system. The dimension of the system connection matrix is

.
elements are 1, or 0. The element is equal to 1 if

the voltage polarity has the same direction of the respective cur-
rent branch flow if the voltage polarity and current flow are
not equal and zero if the voltage source is not connected to the
respective branch. As in the previous connection matrix,
elements are again 1 or 0. The element is equal to 1 if the
current is arriving to the node, if the current is leaving the
node, and 0 if it does not exist. Input and output variables are
defined as follows ( output variables and input variables):

(3)

(4)

where are the nodes voltages, are the branch currents
(system output variables), are the branch voltages, and
are the nodes currents (system input variables).

The power distribution primitive matrix relates all of the
power distribution branch impedances; it is a diagonal matrix

order (where b is the number of the power system branches)
and the elements are equal to

(5)

The branch connection matrix gives information about
the way the branches and nodes are connected. The elements
are equal to 1 if the branch arrives at the node, if the branch
leaves the nodes, and 0 if they are not connected.

The output variables are related to the input variables
through the following equation:

(6)

where is the transfer matrix defined in (1) and represents
the input variables defined in (4), and represents the output
variables defined in (3).

The submatrices and
are equal to

(7)

(8)

(9)

(10)

The deduction of (7)–(10) is presented in [11]. Each subma-
trix represents the following:

relates one input variable (branch voltage) with
one output variable (node voltage);

relates one input variable (node current) with one
output variable (node voltage);

relates one input variable (branch voltage) with
one output variable (branch current);

relates one input variable (node current) with one
output variable (branch current).

B. Active Power Filter Models

Active power filters have been developed to dynamically
compensate power distribution systems. Series active power
filters have been used to compensate voltage waveforms (dis-
tortion, unbalance, and amplitude), while shunt active power
filters have been developed to compensate currents’ distortion
and load power factor. By compensating the distorted load
current, ideally the respective bus voltage can be made per-
fectly sinusoidal. In the same way, by forcing the line current
to be sinusoidal, using series compensation, the bus voltage
is distorted by the voltage imposed by the series active power
filter [14].

C. Shunt Active Power Filter Model

By definition, the shunt active power filter compensates cur-
rent harmonics generated by nonlinear loads. If the shunt ac-
tive power filter is connected to the same nonlinear bus, the
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Fig. 1. Shunt active power filter equivalent circuit.

system line current is sinusoidal as well as the voltage. There-
fore, the shunt active power filter, although it behaves as a cur-
rent source in this case, from the power distribution point of
view, can be modeled as a voltage source. In this case, the shunt
active power filter forces the respective bus voltage to be sinu-
soidal. The equivalent circuit is shown in Fig. 1.

In this case, the final objective of the active shunt power filter
is to keep the load-bus voltage sinusoidal, following a reference
signal, therefore:

(11)

In case the shunt active power filter is used to compensate
only current harmonics, the only constraint imposed on is
that it must be sinusoidal. However, if the shunt active power
filter is used to compensate current harmonics and power factor,

must be sinusoidal and in phase with the system line cur-
rent (Fig. 1).

D. Series Active Power Filter Model

The series active power filter can be used to compensate
voltage regulation and unbalance as well as current harmonics.
Current harmonics can be compensated using series active
power filters by forcing the branch current to follow a given
reference signal. If the reference signal is sinusoidal, the branch
current will be sinusoidal, but the load-bus voltage will be dis-
torted. Following this model, the series active power filter can
be represented by an independent current source and a voltage
source whose value and waveform depends on the load-bus
voltage plus the voltage drop across the line impedance (12).
The equation that models series compensation for harmonic
components is shown in (12) as follows:

(12)

In this case, series compensation is used to force the branch
current to be sinusoidal or to follow a given reference current
waveform; therefore, the branch current can be replaced by the
given reference signal as follows:

(13)

The equivalent circuit used to represent series active compen-
sation for current harmonic elimination is shown in Fig. 2.

In this model, it is assumed that presents a THD below
3%.

Fig. 2. Series active power filter equivalent circuit.

Fig. 3. Power distribution system equivalent circuit with a nonlinear load.

E. Output Variables Representation

If active power filters are used to compensate voltage or
current waveforms, it is necessary to define the power distri-
bution variables in order to evaluate the system response in
front of the different perturbations; the original perturbations
are represented by , plus the reference signals used for
active compensations, which are considered as independent
input variables . This representation allows analyzing the
distribution system using two transfer matrices, and to obtain
the system response for each applied perturbation. The system
equations are the following:

(14)

where

(15)

(16)

is the perturbation transfer matrix and is the reference
transfer matrix. These matrices are equal to

and . The matrices and
are obtained from (1) but considering the connections of the

active power filters used to compensate the power distribution
system. and are defined as the perturbation and refer-
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Fig. 4. Power distribution system equivalent circuit with series active compen-
sation.

ence connection matrices. Finally, the power distribution gen-
eral equation is given by

(17)

F. Power Distribution Model Example

The proposed methodology is explained with the following
example shown in Fig. 3.

The example consists of a simple power distribution system
composed with a nonlinear load, modeled as a current source,
a passive impedance as a linear load, and the power source
(Vs) with the equivalent impedance (Fig. 3). The nonlinear
load injects a fundamental current component (0.93 p.u.) and
a fifth current harmonic component (0.279 p.u.). Both currents
are expressed over a 500-kVA base value. The different matrices
associated with the power system example are as follows.

1) System connection matrix

2) Input connection matrix

3) Primitive impedance matrix

where p.u. and p.u.
4) Input vector variables

Fig. 5. Power distribution system equivalent circuit for perturbations.

Fig. 6. Power distribution equivalent circuit derived to evaluate the reference
signals effect.

If a series active power filter is connected between the power
source and bus 1, in order to compensate current distortion, the
power system equivalent model is as shown in Fig. 4.

In order to obtain the different matrices that modeled the
compensated power distribution system, the equivalent circuits
shown in Figs. 5 and 6 are derived.

Fig. 5 shows the system equivalent circuit used to obtain the
transfer matrix and the associated input vector. By using series
compensation, the power distribution system is decoupled from
the power supply, and the nonlinear current source is connected
in parallel to system impedance .

The different matrices associated with the perturbations are
as follows.

1) New primitive impedance matrix
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2) New system connection matrix

3) Perturbation connection matrix

4) Input vector variables

In order to evaluate the effect of the reference signals in the
output variables, the equivalent circuit shown in Fig. 6 is de-
rived. In this equivalent circuit, the source voltage (VS) and
source current (I1) are equal to zero.

Fig. 6 shows that branch 1 is not considered since the associ-
ated current does not depend on Z1; therefore, only Z2 is con-
nected to the main nodes. From the equivalent circuit shown in
Fig. 6, the system transfer matrix and the reference vector are
derived.

1) System primitive impedance matrix

2) System connection matrix

3) Reference connection matrix

4) Input vector variables (associated with the references) UR

The reference signal is defined by the series active power
filter control scheme in order to obtain sinusoidal current with
unity power factor. The power distribution output variables can
be obtained by using superposition since the perturbation and
reference signals are considered in this analysis. The system
output variable vector is

The system output variables are calculated for each harmonic
frequency present in the perturbation signals. The final results
obtained with this technique are shown in Figs. 7–13.

III. SYSTEM TRANSFER MATRIX

The principal objective of this paper is to develop a mathemat-
ical tool capable of showing power distribution characteristics,
especially when nonlinear loads are connecting. These charac-
teristics are related to the power distribution frequency response,
voltage and current distortion in different buses, bandwidth at

Fig. 7. System voltage gain as a function of the frequency, with active series
and without active series compensation.

specific points, resonant frequencies, and impedance versus fre-
quency response. All of this information can be deployed from
the power distribution transfer matrix.

A. Power Distribution Transfer Matrix Evaluation

It is important to develop an easy and fast way to find out the
possible changes introduced in the resonant frequencies defined
by due to nonlinear loads. One way of doing it is to analyze
the system transfer function referring to each bus one by one, or
another possibility is to evaluate the magnitude of , corre-
sponding to the highest singular value. The singular values of a
matrix are equal to the square root of the first proper values
of its Hermitean, as is defined in [13]

(18)

The gain of a given input variable is defined as the ratio
between the magnitude of in the direction of and the mag-
nitude of . It is important to note that for this definition, the
gain cannot be higher than maximum singular values (19)

(19)

The analysis of gives information regarding resonant fre-
quencies at a particular bus, especially if the system gain in-
creases at a particular frequency, or if the resonant frequency as-
sociated with a large gain changes. Both cases can be the source
of important power distribution operation problems, and are re-
lated to the maximum singular value. In other words, by ana-
lyzing the magnitude of , resonant problems associated with
the connection of passive or active filters can be found.

IV. EXAMPLE

Fig. 14 shows the single-phase equivalent circuit of an indus-
trial power distribution system. Power distribution system pa-
rameters are shown in Fig. 15. Nonlinear loads are represented
by current sources and typical linear loads by the equivalent
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Fig. 8. Voltage waveform in bus 1, with and without the filter.

Fig. 9. Voltage frequency spectrum of bus 1, with and without the filter.

circuit (Fig. 16). In this case, the shunt and series active
power filter will be connected in order to reduce voltage and cur-
rent total harmonic distortion at the point of common coupling

Fig. 10. Current waveform of branch 1, with and without the filter.

Fig. 11. Branch 1 current frequency spectrum, with and without the filter.

(PCC), and particular internal buses (Fig. 16). Power distribu-
tion system equivalent circuits for perturbation and for reference
effect analyses are shown in Figs. 17 and 18.

1) New primitive impedance matrix (see the equation at the
bottom of the page)
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Fig. 12. Branch 2 current waveform with and without the filter.

Fig. 13. Branch 2 current frequency spectrum, with and without the filter.

2) New system connection matrix

Fig. 14. Industrial power distribution system equivalent diagram.

Fig. 15. Industrial power distribution system single-phase equivalent circuit.

Fig. 16. Power distribution system equivalent circuit with series and shunt ac-
tive compensation.
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Fig. 17. Power distribution system equivalent circuit for perturbations.

3) Perturbation connection matrix

4) Input vector variables

Changes in system resonant frequency, due to the connec-
tion of passive or active filters, can be obtained from the anal-
ysis of GP. In this particular case, by connecting a shunt ac-
tive power filter in bus 4, the interaction between the capacitor

Fig. 18. Power distribution equivalent circuit for reference effect analysis.

Fig. 19. Maximum singular values for� . (a) Without active power compen-
sation. (b) With active compensation.

connected in bus 4 and the power distribution system is elimi-
nated, avoiding the generation of resonance. The analysis of the
system response due to the current injection in buses 5, 6, and
7, as shown in Figs. 19–22 indicates that the power distribution
system did not change, but Fig. 20 shows an increase the current
gain of branches 4, 5, 8, and 11 due to the resonance generated
between the capacitor connected in bus 5 and the power distri-
bution system.

V. CONCLUSION

A new procedure to analyze power distribution systems
that energize nonlinear loads based on the power distribution
transfer matrix was proposed in this paper. The algorithm uses
the singular values of the transfer matrix that relates the output
variables and the system perturbation. The algorithm is
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Fig. 20. System transfer matrix for branch currents with respect to the current
injected in branch 5. (a) Without active compensation. (b) With active compen-
sation.

Fig. 21. System transfer matrix for branch currents with respect to the current
injected in branch 6. (a) Without active compensation. (b) With active compen-
sation.

Fig. 22. System transfer matrix for branch currents with respect to the current
injected in branch 7. (a) Without active compensation. (b) With active compen-
sation.

especially developed to analyze the compensation performance
of shunt and series active power filters. The algorithm was

proved by simulation in a multibus industrial power distribution
system.
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